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Abstract. We leverage a family of Riemannian metrics to upsample low frame
rate animations for creative design and compression applications in computer
graphics. Our method interpolates animated characters’ bone orientations along
various geodesics from a family of invariant Riemannian metrics on a product of
SO(3) manifolds. For compression, an optimization step selects the best-fitting
metric. We show that our approach outperforms existing techniques.

1 Introduction

Upsampling for Creative Design Character animation in 3D graphics involves posing
a skeletal rig—an articulated hierarchy of bones—across a sequence of frames. To this
end, animators define a sparse set of keyframes, specifying the position and orientation
of bones at selected times, and then interpolate to generate the full motion [6]. However,
standard interpolation methods such as linear interpolation, SLERP [[12]] or Squad [[13]]
degrade in quality when keyframes are sparse, requiring manual corrections or addi-
tional keyframes. Recent learning-based approaches improve interpolation fidelity but
depend on large datasets and do not generalize well across rig structures [[11} [15].
These limitations motivate the search for alternative interpolation strategies that pro-
vide higher-quality results under sparse sampling while remaining data-efficient and
rig-agnostic.

Upsampling for Compression Upsampling is also critical for compression, as anima-
tions often demand significant storage. Compressing animations into a small number of
keyframes, with interpolation recovering the full sequence, is an effective strategy — but
hinges on the quality of the interpolation. Upsampling beyond the original frame rate
allows animators to then create an animation curve with an arbitrarily high frame rate.
Thus, there is a motivation for researching new upsampling techniques that can achieve
high accuracy in recovering original animations and even enhance them by increasing
their original frame rate.

Contributions We apply geodesic interpolation techniques to animation upsampling
and compression. We model the animated character’s pose space as the Lie group
SO(3)B , with B the number of bones, and equip it with invariant Riemannian met-
rics. We explore how varying the metric influences interpolation quality and motion
characteristics and how this can be used for creative control and data compression.
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Fig. 1: Comparison of traditional interpolation techniques with the proposed geodesic
interpolations. From left to right: ground truth animation, piecewise constant, linear
(cartesian), spherical linear (slerp), and our geodesic interpolation. In this frame our
geodesic interpolation most closely matches the original.

2 Methods

We introduce elements of Riemannian geometry and Lie groups.

2.1 Manifolds and Riemannian Metrics

Lie theory and Riemannian geometry provide mathematics to precisely define the poses
of animation characters, specifically the rotation of each joint of a character. We refer
the reader to [5] for mathematical details. We will represent the space of possible an-
imated character poses as a Lie group equipped with a Riemannian metric. We define
these concepts here.

Definition 1 (Riemannian metric). Let M be a d-dimensional smooth connected man-
ifold and T,,M be its tangent space at point p 2 M. A Riemannian metric <,> on M
is a collection of inner products <,>,: T,M  T,M ¥ R on each tangent space
T,M that vary smoothly with p. A manifold M equipped with a Riemannian metric
<, > is called a Riemannian manifold.

A Riemmanian metric <, > provides a notion of geodesic distance dist on M. Let
~v:[0,1] ¥ M be a smooth parameterized curve on M with V?zlocét;/ vectoratt 2 [0, 1]
denoted as y; 2 T’ ;)M The length of +y is defined as L., = 01 < Vi, Yt >~ dt and
the distance between any two points p,q 2 M is: dist(p, ) = inf,.(0)=p,v(1)=q L~
The Riemannian metric also provides the notion of geodesic.

Definition 2 (Geodesic). A geodesic between two points p,q is defined as a curve
which minimizes the energy functional:
14

E() <A, 4(1) >0 dt. (D

=3 )
Curves minimizing the energy E also minimize the length L: geodesics are locally
distance-minimizing paths on the manifold M.

Intuitively, a geodesic is the generalization of straight lines from vector spaces to
manifolds, see Figure[2a] We note that the notion of geodesic depends on the notion of
geodesic distance, and thus on the choice of Riemannian metric on the manifold M.
Different Riemannian metrics yield different geodesics between two given points.
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2.2 Lie Groups and Metrics
In the context of animation interpolations, we consider specific manifolds: Lie groups.

Definition 3 (Lie group). A Lie group is a group (G, ) such that G is also a finite
dimensional smooth manifold, and the group and differential structures are compatible,
in the sense that the group law and the inverse map g ® g ' are smooth. Let e
denote the neutral element, or identity of G. The tangent space 1.G of a Lie group at
the identity element e 2 G is called the Lie algebra of G.

The set of all 3D rotations forms a Lie group. This group is referred to as SO(3),
the special orthogonal group in three dimensions. It is defined as: SO(3) = fR 2
M3(R)JRTR = I3,det(R) = 1¢, where each element is a 3D rotation matrix R. Its
The Lie algebra is a vector space of dimension 3, which is also called the dimension of
the Lie group SO(3).

Consider an animation of a character with B bones. Each bone is associated with a
joint that has some 3D orientation, represented as a rotation matrix R 2 SO(3). The
set of all possible poses of this character is the power Lie group SO(3)? = SO(3)

SO(3), which we call the pose Lie group (see Figure .

We equip this Lie group with a Riemannian metric <, >, that is by a collection of
inner-products on the tangent spaces that varies smoothly with the base point. We do
so by equipping each of the SO(3)s with a different invariant Riemannian metric. An
invariant metric on a connected Lie group is fully described by the matrix Z of its inner-
product on its Lie algebra, and whether it is a left- or a right- invariant metric. Once
the pose Lie group is equipped with a Riemannian metric, we can consider geodesics
on it, that is, the generalization of straight lines from vector spaces to manifolds, see
Figure[2a] We refer to [9] for additional details on Riemannian geometry on Lie groups.

Goal: Consider a ground truth animation Ac, see Figure 3| (left) with F' frames, repre-
sented as a sequence of F poses on the pose Lie group, i.e., Ag(t) 2 SO(3)? for each
time t 2 [t1,tF]. Our goal is to learn the Riemannian metric <, > on SO(3)? that best
describes the animated character’s motion in A, in the following sense: the animation
Ag can be downsampled (compressed) to a lower frame rate F°, such that the geodesic
interpolation with metric <, > brings it back to its original (higher) frame rate F* with
the highest accuracy. Once <, > is learned, it can be used for creative design in digital
creation, including extracting perceptual insights on the character’s motion in A, or
for compression.

Notations: The metric <, > is the result of an optimization problem that depends on A¢
and F", for which we introduce notations. Consider a sampling rate 0 < s < 1. We call
initial animation, and denote it Aj, the animation obtained after uniformly downsam-
pling the ground truth animation A of frame rate F' to the lower frame rate F° = sF,
see Figure [3(frames colored pink). For example, if we have a ground truth animation of
F' = 60 frames, and a sampling rate of s = 0.2, the initial animation will have F'=12
frames, each 5 frames apart in the ground truth. We call interpolated or upsampled an-
imation, and denote it Ay, the animation obtained by upsampling the initial animation
Ay back up to the ground truth frame rate F', see Figure [3] (frames colored purple). We
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note thatA; depends on the interpolation technique used: in particular, in the case of a
geodesic interpolatiorAy depends on the choice of metri¢> . Reformulated using
these notations, our goal is to learn the mettic so thatAy is as close as possible to
Ag, according to a quality scor@. Figure 3 shows our pipeline.

(b) Changing; values can be thought of
as deforming the group. The distance be-
tween the same 2 rotations changes. Our
(a) For ease of explanation, we repres8@(3) Pose Lie group is a product of manifolds,
as a sphere. At the identity of the group, we de @e for each bone.
an inner-product for all vectons, v in the tangent
space (green). The vectoft) in the tangent space
atR; (purple) is the velocity of the parameterized
curve going toR; . The geodesic curve(t) (or- (c) We verify experimentally that updating
ange) is the shortest path between two rotatigns leads to different geodesics, and thus
Ri andR;. In this example we interpolate 3 irdifferent trajectories despite the same start
between rotations along the geodesic (black dots)d end states.

Fig. 2: Explaining how a geodesic on a manifold can interpolate trajectories.

2.3 Riemannian Metric Learning

We propose to learn the metri > that most accurately describes the motion of a
given animated character. We restrict our optimization to a set of invariant Riemannian
metrics onSO(3)B , which provides a convenient parameterizatiorkpf .

Metric ParameterizationConsider oneSO(3) within the power Lie groulsO(3)E.
We can parameterize a Riemannian metric on the Lie gBD(8) by an inner product
matrix Z on its Lie algebra.

The matrixZ must be symmetric positive de nite, meaning it can be decomposed
asZ = PTDP, whereD is a diagonal matrix with strictly positive values aRdis
orthogonal. In our work, we restri@ to a diagonal form:

2 3
100

Zz=40 05; with ; > 0; 2)
00

for each componer8O(3) within the Pose Lie grouO(3)8. This corresponds to
penalizing displacements along the standard basis directions of the Lie algebra, with
weightsl, ,and . A more general symmetric positive de nite mati#xwould allow
penalizing arbitrary directiond.¢é., different orthonormal bases), but in practice we



Learning Riemannian Metrics for Interpolating Animations 5

Fig. 3: Pipeline of our method. Given an animation, we downsample it, and upsample
new in-between frames using a search sweep for optimal parameters. Then we apply
the animation to the rig and quantitatively and qualitatively analyse the results.

found that restricting to a diagonal form yielded comparable performance. Additional
motivation, including computational considerations and software stability, is discussed
in the implementation section.

Our metric onSO(3)B is parameterized by the sdt: 1; 1;::; g; g0, Written
f; g for short. We also add a categorical parameter, cdled, which indicates
whether whether we propagate the inner-produetith left or right translationsi.e.,
whether the resulting metric; > is left- or right- invariant. This parameterization does
not cover every metric 080(3)8 ; yet, it encodes 4B -dimensional family of metrics
where we can perform metric learning.

Geodesic InterpolationConsider a boné and two frames;j that are consecutive in
the initial animatiorA, andj i+ 1 frames apart in the ground-truth animatidg ,
i.e, A (b;i) = Ag(b;i) = R; 2 SO(3) andA, (b;j) = Ag(b;j) = R} 2 SO(3).
Given a metric<; > , we compute the geodesicon SO(3) such that (0) = R; and

(1) = R; and the energ¥( ) measured with<;> is minimal according to the
de nition of a geodesic. The main challenge is to compute the initial tangent vector
Uop = _(0) required to shoot from(0) to (1). This requires to numerically invert the
Exp map de ned in the previous sectidrg., solving the optimization problem:

Up = argmin KExpg (u) Rjk*: (3)
u2Tgr, SO(@3)

The tangent vectaung then yields values oAy between framesandj as:Ay(b;t) =

Expg, (t:uo) for t 2 [0; 1]. We observe that we do not have a closed form expression
for the interpolating geodesic, which is instead computed via numerical integration and
optimization.

Optimization Criteria: Quality MetricsThe upsampled animatiofy is obtained by
geodesic interpolation, which depends on the invariant Riemannian raetricdhat is
itself parameterized by  andinv . Thus, we writeA as a function of; ; inv :
Au(;; inv ). We detail here how we nd the optimal parameters inv and
thus the optimal Riemannian metrg > for digital animations, see Figure 3 (cen-
ter). Consider a quality metriQ that denotes how close the interpolated animation
Ay(; ; inv ) is from the ground truth animatiohg . We get:

;o inv =argmin Q(Ay(; ; inv );Ag); (4)

;o inv
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